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We establish some properties of homotopical nature for conﬂuent maps in the proper
category. We analyze in this setting the characterization of tree-like continua by J.H. Case
and R.E. Chamberlin as well as the theorem by T.B. McLean on the preservation of tree-
likeness under conﬂuent maps. We give counterexamples for the corresponding proper
analogues and we extend results of several authors in classical continuum theory to
non-compact spaces. Finally, we describe the behavior of these maps with respect to
the fundamental pro-group, generalizing results of J. Grispolakis and other authors. Two
questions of interest are still open (Open Question 15 and Conjecture 24).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Conﬂuent maps between continua have been widely studied in the literature since they were introduced by J.J. Charatonik
[5] as a generalization of monotone as well as open maps; see [14]. Some authors have used proper maps to extend results
on conﬂuent maps from the classical continuum theory to the realm of non-compact spaces; see [13]. This paper is a
contribution to this effort.
We start by focussing our interest on a theorem due to T.B. McLean [17] which shows that conﬂuent maps preserve
tree-like continua. The proof of this theorem is homotopical in nature and depends crucially on the characterization by
J.H. Case and R.E. Chamberlin [4] of tree-like continua in terms of inessential maps. We show in Section 3 that the proper
analogues of the previous theorems fail to be true in the proper category (Examples 12 and 14). Notwithstanding, other
homotopical properties involved in those theorems remain true for conﬂuent proper maps (Proposition 8 and Theorems 11
and 18). Besides these extensions of results already known in continuum theory, we give new results involving the euclidean
plane which do not have counterparts in the ordinary topological category since the plane is contractible (Theorems 9
and 16). Finally, in Section 5 we state that conﬂuent proper maps induce surjections between strong ends (Corollary 20)
and, furthermore, monotone proper maps induce surjections between fundamental pro-groups (Theorem 23); improving
results by J. Grispolakis in [13].
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T. Fernández-Bayort, A. Quintero / Topology and its Applications 156 (2009) 2960–2970 2961Recall that a continuous map f : X → Y is termed proper if f −1(K ) is compact for each compact subset K ⊂ Y . Proper
homotopies are deﬁned in the obvious way. As usual, [X, Y ] will stand for the set of homotopy classes of maps X → Y .
In the proper category the corresponding set of proper homotopy classes will be denoted by [X, Y ]p . We refer to [22] for
the elementary facts of the classical homotopy theory used in this paper. The basics of proper homotopy theory have been
summarized in Appendix A to ease the reading.
We restrict ourselves to the category of metrizable, locally compact, σ -compact spaces (admissible spaces, for short) and
proper maps. It is well known that proper maps between admissible spaces are closed [8, 3.7.18]. Connected admissible
spaces are termed generalized continua. In addition, locally connected generalized continua are called generalized Peano con-
tinua. Throughout this paper by a graph we mean a locally compact graph and trees are contractible graphs. An admissible
space X is termed a dendritic space if each two points can be separated by the omission of some third point and a dendrite
is a dendritic generalized Peano continuum. Concerning inverse limits, we will use the notation X = lim←−p Xn to represent
inverse limits of sequences of admissible spaces with proper bonding maps; see [10] for more details. We say that an
admissible space X is tree-like if X = lim←−p Tn where each Tn is a tree.
It is readily checked that local compactness together with σ -compactness yield the existence of exhausting sequences
in an admissible space X ; that is, increasing sequences of compact subsets Kn ⊂ X with X =⋃∞n=1 Kn and Kn ⊂ int Kn+1.
Moreover, the following statement holds.
Lemma 1. ([1, 2.4]) Generalized Peano continua admit exhausting sequences consisting of Peano subcontinua.
2. Preliminaries on conﬂuent proper maps
Recall that a continuous surjection f : X → Y is called monotone if for all y ∈ Y , f −1(y) is connected. As mentioned in
the introduction, proper maps are closed so, by [8, 6.1.29], the monotonicity of a proper map f yields that the counterimage
by f of any connected subset is connected. More generally, a continuous surjection f : X → Y is called conﬂuent if for each
subcontinuum B in Y and each component A of f −1(B), f (A) = B . It is obvious that monotone proper maps are conﬂuent.
Also open proper maps are contained in the class of conﬂuent maps as proved by G.T. Whyburn [24, 11.1].
As an introductory material for the rest of the paper, we pinpoint in Theorem 4 below some preservation properties
of conﬂuent proper maps extending the known ones for conﬂuent maps between continua. We need the following lemma
whose proof is immediate.
Lemma 2. A proper surjection f : X → Y between admissible spaces is conﬂuent if and only if so is the restriction f | f −1(A) : f −1(A) →
A for any subset A ⊂ Y . Moreover, A can be chosen to be compact.
Remark 3. By Lemma 1, the set A in Lemma 2 can be replaced by a Peano subcontinuum whenever Y is a generalized
Peano continuum.
Theorem 4. Conﬂuent proper maps preserve the following classes of spaces: (a) dendrites; (b) graphs; (c) trees.
Proof. Since trees are dendritic graphs, (c) follows from (a) and (b). To prove (a) we observe that the image of any conﬂuent
proper surjection f : X → Y is a generalized Peano continuum by [8, 3.7.21, 4.4.15, 6.3.3(d), 2.4.8]. Then Remark 3 yields
an exhausting sequence {Yn}n1 of Peano subcontinua such the restriction fn = f | f −1(Yn) : f −1(Yn) → Yn is conﬂuent for
each n  1. Moreover, by [19, 13.38] the restriction fn|H : H → Yn is also conﬂuent for each component H ⊂ f −1(Yn). In
particular, H is a dendrite by Proposition 1 in [9] and hence each Yn is a dendrite by [19, 13.40], and so is Y by Proposition 1
in [9].
Similarly, if X is a graph, then H is a graph by [19, 9.10.1], and then [19, 13.31] yields that Yn is a graph for all n  1.
Therefore Y =⋃∞n=1 Yn is a locally ﬁnite countable union of compact graphs and so Y is a locally compact graph. 
3. Conﬂuent maps and properly essential maps
In ordinary homotopy, maps homotopic to constant maps are called inessential (otherwise, they are termed essential).
Next lemma gives an intrinsic characterization in the proper category of inessential proper maps with graphs as target
spaces.
Lemma 5. Let f : X → G be a proper map from a generalized continuum X into a graph G. Then, f is inessential if and only if it is a
composite f = g  r of proper maps where g : T → G is deﬁned on a tree.
Proof. If f is inessential, then by [22, 2.2.3] there exists a lifting of f , f˜ : X → G˜ for the universal covering space of G ,
π : G˜ → G . Moreover, f˜ is proper; indeed, since f is proper, f −1(π(K )) is compact for any compact set K ⊂ G˜ and the
equality f = π  f˜ yields f˜ −1(K ) ⊂ f −1(π(K )). So the closed set f˜ −1(K ) is compact.
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is proper; indeed, let L ⊂ G be compact. As f is proper, f −1(L) is compact and so is f˜ ( f −1(L)). It is readily checked that
g−1(L) ⊂ f˜ ( f −1(L)) and hence the closed set g−1(L) is compact. This way we get the required factorization f = r  g where
r : X → T is the restriction of f˜ onto its image. The converse is an immediate consequence of the contractibility of trees. 
In proper homotopy theory points are replaced by trees in order to take into account the spaces of Freudenthal ends.
This way, given an end-faithful map h : T → Y from a tree T , we say that a proper map f : X → Y is properly h-inessential if
f is properly homotopic to a composite h  r. We say that f is properly inessential whenever it is properly h-inessential for
all h. Otherwise, we say that f is properly h-essential or properly essential, respectively. Freudenthal ends maps as well as all
other notions concerning end theory used in this paper are deﬁned in Appendix A.
Remark 6. A trivial example of a proper map which is inessential but properly h-essential for all h is the inclusion of the
real line R into the union Y of the axis O X with the sequence of circumferences Cn of radii n 1.
In contrast, any inessential end-faithful map f : X → G from a generalized continuum to a graph is properly h-inessential
for some h. Indeed, in the factorization f : X g−→ T h−→ G through a tree T provided by Lemma 5, we can replace, if
necessary, the tree T by its closed subtree g(X) so that we can assume without loss of generality that g is onto. This
yields that the induced map between Freudenthal end spaces g∗ : F(X) → F(T ) is onto as well by Lemma A.1. As f∗ is a
homeomorphism, g∗ , and hence h∗ , are injective, and so they are homeomorphisms. Whence, f is properly h-inessential.
Remark 7. Notice that for strongly one-ended spaces as target space, properly essential maps coincide with properly h-
essential maps for any ﬁxed h. Recall that Rn with n 2 is a strongly one-ended space (see Appendix A).
We include in this section two results on the essentiality of proper conﬂuent maps. We start with the extension to non-
compact spaces of the well-known result in continuum theory stating that conﬂuent maps of continua onto non-contractible
graphs are essential; compare [19, 13.39].
Proposition 8. Any conﬂuent proper surjection f : X → G from a generalized continuum to a non-contractible graph is essential.
Proof. Otherwise, by Lemma 5, f : X g−→ T h−→ G factorizes through a tree T . Then one simply observes that the proper
analogue to Proposition 13.27 in [19] holds (with an identical proof) for admissible spaces and proper maps; namely, if the
composite h  g of proper maps is conﬂuent so is h. Hence, Theorem 4 yields that G is a tree, which is a contradiction. 
The following theorem has no counterpart in ordinary homotopy theory since R2 is contractible.
Theorem 9. Let X be a generalized continuum. Any conﬂuent proper surjection f : X → R2 is properly essential.
Proof. Assume on the contrary that f is not properly essential. Then there is a proper homotopy H : X × I → R2 with
H|X×{0} = f and H|X×{1} = i  r where i : R+ ↪→ R2 can be assumed to be the inclusion x 	→ (x,0); see Remark 7. As H
is proper, given the open unit disk B ⊂ R2, there is a compact subset L ⊂ X with H((X − L) × I) ⊂ R2 − B . Moreover, the
compactness of f (L) allows us to ﬁnd a > 0 large enough such that Sa ∩ f (L) = ∅ for the circumference Sa ⊂ R2 of radius a.
Hence,
H
(
f −1(Sa)× I
)⊂ H((X − L) × I)⊂ R2 − B.
As f is conﬂuent, if A is a connected component of f −1(Sa) we have that f (A) = Sa and the restriction fa = f : A → Sa
is conﬂuent [19, 13.38], and hence essential [19, 13.39]. However, the restriction H : A× I → R2 − B is a homotopy between
f |A : A → R2 − B and i  r|A , where the latter factorizes through the interval r(A) and hence it is inessential. Finally,
the obvious retraction ρ : R2 − B → Sa is a homotopy equivalence and hence fa = ρ  f |A is inessential. This leads to a
contradiction and the proof is ﬁnished. 
Remark 10. As a consequence of Theorem 9, there is no conﬂuent proper map Rn → R2 for n  3. This follows from the
well-known fact that the set of proper homotopy classes [Rn,R2]p = ∗ reduces to the trivial element; see [3, V.4.11] for
a proof. Notice that the obvious projection Rn → R2 is conﬂuent. We will discuss the existence of proper conﬂuent maps
with more detail in Section 5 below.
4. Preservation of tree-likeness in the proper category and some related homotopical properties
According to Theorem 4, conﬂuent proper maps preserve trees and, more generally, locally connected tree-like spaces
(= dendrites by Theorem 10 in [9]). Next we discuss whether such maps preserve tree-like spaces in general. Recall that the
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proof due to McLean [17] of the preservation of tree-like continua by conﬂuent maps relies crucially on the homotopical
characterization by Case and Chamberlin of tree-like spaces as those 1-dimensional continua X for which all maps X → G
with target space a graph are inessential. A partial extension of the Case–Chamberlin theorem to the non-compact setting
is the following:
Theorem 11. Let X be a generalized continuum with dim X  1. If, for any graph G, each proper surjection f : X → G is inessential,
then X is tree-like.
Proof. By the proper version of the Freudenthal Theorem (Theorem 13 in [20]), X = lim←−p Xn is an inverse limit of graphs
with proper bonding maps fn : Xn+1 → Xn (n 1). Let πn : X → Xn denote the canonical maps of that limit.
For each n consider the universal covering space pn : X˜n → Xn and choose a point x0 = (x0n)n1 ∈ X . Since the map πn
is inessential, given x˜0n ∈ X˜n , there exists a lifting π˜n : X → X˜n with π˜n(x) = x˜0n . Here we use [22, 2.2.3]. Similarly, the same
homotopy covering property yields maps f˜n : X˜n+1 → X˜n with f˜n(˜x0n+1) = x˜0n such that
pn  f˜n = fn  pn+1. (1)
Arguing in the same way as in the proof of Lemma 5, we consider for each n the subtree Tn = π˜n(X) ⊂ X˜n for which the
restrictions pn : Tn → Xn and πn : X → Tn are proper. Moreover, one readily checks that f˜n(Tn+1) = Tn and that f˜n : Tn+1 →
Tn is proper. Let Y = lim←−p Tn be the inverse limit of the sequence with f˜n as bonding maps and let qn : Y → Tn denote the
canonical maps.
It is readily checked that (1) yields that the restrictions pn induce a map p : Y → X for which the map φ : X → Y deﬁned
by φ(x) = (πn(x))n1 is a section; that is, p φ = idX . Indeed, φ is well deﬁned by the uniqueness of liftings [22, 2.2.2] since
both f˜n  π˜n+1 and π˜n are liftings of πn at x˜0n; moreover pφ(x) = (pn πn(x))n1 = (πn(x))n1 = x.
In addition, as φ−1(A) ⊂ p(A) for any set A ⊂ Y , it follows that φ is a proper embedding, and so φ(X) is a connected
closed set of Y . Furthermore, φ(X) = lim←−p qn(φ(X)) by [10, 4.5] and so, X is homeomorphic to the tree-like space φ(X)
obtained as inverse limit of the subtrees qn(φ(X)) ⊂ Tn . 
Next example shows the failure of the converse of Theorem 11 even for end-faithful maps.
Example 12. Consider the subspace X ⊂ R2 depicted in thick lines in Fig. 1 and let G denote the string of circles of diameters
1
4 and horizontal segments in the middle of the same ﬁgure. If X−1 and X1 are the subspaces of X above and under G ,
respectively, we deﬁne the proper end-faithful surjection f : X → G as follows. For any x ∈ X ( = ±1), f (x) ∈ Γ x ∩ G is
the ﬁrst point in the intersection of the graph G with the half-line Γ x = {x+ λ(0, ); λ 0}.
We claim that f is essential; otherwise, by Remark 6, the map f = h  g is a composite of proper maps with h deﬁned
on a one-ended tree T , and hence proper homotopy equivalent to R+ . But this leads to contradiction since the rays g =
f |R : R ∼= R+ → G and g′ = f |Ra : Ra ∼= R+ → G represent different strong ends of G . Indeed, assume on the contrary
that there exists a proper homotopy H : R+ × I → G with H(x,0) = g(x) and H(x,1) = g′(x). Then, we choose n0  1
large enough to get Cn0 ∩ H({0} × I) = ∅. Moreover, let P0 and P1 denote the closures of the compact and non-compact
components of the complement G − Cn0 , respectively, and consider the retraction r : G → Cn0 which shrinks Pi to the
point xi = Pi ∩ Cn0 (i = 0,1). Next we use that H is proper to ﬁnd m0  n0 with H([m0,∞) × I) ⊂ P1 and observe that
the composite F = r  H : [0,m0] × I → Cn0 restricted to the boundary ∂L of L = [0,m0] × I yields a loop α = r  H|∂L
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which coincides with g ∪ g′ on A = [n02 , 2n0+14 ] × {0,1} and maps the components of (0,0) and (m0,0) in L − A onto x0
and x1, respectively. Hence, α represents a generator of the fundamental group π1(Cn0 ) ∼= Z but, on the other hand, α is
nulhomotopic by F . This contradiction shows that g and g′ deﬁne distinct strong ends of G .
Tree-likeness of X follows by checking the equality X = lim←−p Tn for the following data (n  0). Details are left to the
reader.
• Trees Tn consist of the one-point union of a copy [0a,na] of the interval [0,n] ⊂ R+ with the half-line R+ via the
identiﬁcation n = na , together with an extra segment An = [vn,0a] attached at 0a; see Fig. 2(a).
• (Proper) surjections πn : X → Tn are the obvious projection on the subspace of X lying in the half-plane {(x, y) ∈ R2:
x n} and the linear map that carries the l(n) = 4n2−2n+1 segments that form the polygonal arc Rn ⊂ X running from v to
0−n into l(n) consecutive adjacent intervals covering the segment An . Finally, all segments contained in {(x, y) ∈ R2: x n}
that miss Rn and contain 0−k , with k n, are linearly mapped by πn onto [0a,na], while the segments that contain 0k , with
k n, are linearly mapped onto [0,n].
• (Proper) bonding map fn : Tn+1 → Tn are deﬁned as the identity on [0,∞) ∪ [0a, na] and identiﬁes the inter-
vals [na, (n + 1)a] and [n,n + 1] in the obvious way. Moreover, fn maps the ﬁrst l(n) segments of the decomposition
πn+1(Rn+1) = An+1 of An onto the l(n) segments of the decomposition πn(Rn) = An and the l(n + 1) − l(n) remaining
intervals as sketched in dotted line in Fig. 2(b).
In case we restrict to generalized Peano continua, we have the following result which adds two new characterizations to
those in [9].
Theorem 13. Let X be a 1-dimensional generalized Peano continuum. Then the following statements are equivalent.
(a) X is tree-like.
(b) X is a dendrite.
(c) X has the proper homotopy type of a tree.
(d) Any end-faithful proper map f : X → G into a graph is properly h-inessential for some h.
(e) Any proper map f : X → G into a graph is inessential.
Proof. (a) ⇔ (b) and (b) ⇔ (c) correspond to Theorem 10 in [9] and Theorem 11 in [9], respectively; (e) ⇒ (d) is Remark 6;
furthermore, (c) ⇒ (e) is trivial. Finally, we show (d) ⇒ (b). Otherwise, there is a simple closed curve Σ ⊂ X by Proposition 1
in [9]. If {Kn}n1 is an exhausting sequence of Peano subcontinua of X (Lemma 1), we can assume without loss of generality
that Σ ⊂ int K1. Moreover, let r : X → T be an end-faithful surjection, see Theorem 11 in [9], for which we can assume
without loss of generality that r(K1) = v0 is a vertex of T . Then, consider the graph G deﬁned by the attaching of Σ at
v0 ∈ T . By using the 1-dimensionality of X , and hence of K1, we extend the map id∪r : Σ∪Fr K1 → Σ to a map r1 : K1 → Σ .
Here we use [8, 7.4.13]. Therefore, by gluing r1 and r|X−int K1 we have a well-deﬁned end-faithful map f : X → G which is
essential since f is the identity on Σ and hence properly h-essential for all end-faithful map h. This contradicts (d) and the
proof is ﬁnished. 
In addition to Example 12, the following example shows that proper conﬂuent maps need not preserve tree-like gener-
alized continua. This way, McLean’s theorem [17] does not hold in the proper category.
Example 14. Let X ⊂ R2 be the two-ended generalized continuum depicted in thick line in Fig. 3(a). The space X is tree-
like; indeed, X = lim←−p Tn where Tn ∼= R is the line in Fig. 3(a) consisting of the two straight half-lines R−n and R+n together
with the arc in X limited by the two “peaks” of height n. Moreover, the canonical map πn : X → Tn carries x = (x1, x2) with
x1  0 (x1  0, respectively) to the ﬁrst point in the intersection Γx ∩ Tn where Γx is the horizontal half-line starting at x
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and running rightwards (leftwards, respectively). The bonding maps fn : Tn+1 → Tn are deﬁned in a similar fashion. This
way one readily checks that πn and fn are proper surjections for all n 1 and X = lim←−p Tn .
Now let Y be the generalized continuum in Fig. 3(b) and consider the proper surjection f : X → Y which carries 0 to w ,
leaves ﬁxed the points on the right-hand side of 12 in X and maps
−n
n+1 to
n+1
n . It is readily checked that f is conﬂuent
since any continuum C ⊂ Y is an arc contained in either the ray R2 = f (R1) or its complement Y − R2.
However, Y is not tree-like. Indeed, otherwise, assume that Y = lim←−p Yn with canonical maps qn : Y → Yn where Yn
is a tree for each n  1. In fact, we can replace, if necessary, the trees Yn by the closed subtrees qn(Y ) ⊂ Yn and still
Y = lim←−p qn(Y ) [10, 4.5], so that we can assume without loss of generality that the maps qn are onto and the trees Yn
are one-ended (Lemma A.1). In particular the one-point compactiﬁcations Y+n = Yn ∪ {∞} are dendrites by Proposition 4
in [9]. Furthermore, according to [10, 3.3], Y+ = lim←− Y+n is a “pointed” inverse limit with the induced maps q+n : Y+ → Y+n
as canonical maps.
Let Y = A ∪ B be the decomposition of Y into the two obvious symmetric closed generalized subcontinua with A ∩ B =
R2 ∪{w}. For the corresponding subcontinua A+, B+ ⊂ Y+ , each intersection q+n (A+)∩q+n (B+) is also a subcontinuum since
Y+n is a dendrite [19, 10.10]. Furthermore, by [19, 2.19], lim←−(q
+
n (A
+) ∩ q+n (B+)) = A+ ∩ B+ , and hence A+ ∩ B+ = R+2 ∪ {w}
should be connected. This contradiction shows that Y = f (X) is not tree-like.
Open Question 15. In Example 14, X is two-ended while Y is one-ended. So, it still remains open the question of determin-
ing whether end-faithful conﬂuent proper maps preserve tree-likeness.
Besides the homotopical characterization of tree-likeness of continua by Case and Chamberlin [4], the other main ingre-
dient in the proof of the invariance of tree-likeness of continua under conﬂuent maps in [17] is the fact that given a graph
G and a conﬂuent map f : X → Y between continua, the map
f # : [Y ,G] → [X,G]
deﬁned by f #([g]) = [g  f ] reﬂects the trivial element; that is, g is inessential if and only if so is g  f . Next we prove two
proper analogues of this property. We start with the following theorem which is an offspring of a result due to A. Lelek [16].
Theorem 16. Let f : X → Y be a conﬂuent proper surjection between generalized continua. If for the proper map g : Y → R2 the
composite g  f : X → R2 is properly inessential, then so is g.
For the proof of Theorem 16 we observe that the original result by Lelek extends easily to:
Proposition 17. Let f : X → Y be a conﬂuent proper surjection between admissible spaces. If g : Y → S1 is a continuous map such
that g  f : X → S1 is inessential, then g : Y → S1 is inessential.
Proof. Let p : R → S1 be the universal covering space of S1. Since g  f is homotopically trivial, there exists a lifting
ϕ : X → R of g  f . Due to the properness of f , the subset Ay = ϕ( f −1(y)) ⊂ p−1(g(y)) ∼= Z is compact, and hence ﬁnite.
Let my be the minimum of Ay in the ordering of R. We claim that the map ψ : Y → R given by ψ(y) =my is continuous.
Indeed, for any compact subset K ⊂ Y , f −1(K ) is compact as well. Here we use that f is proper. Moreover, by Lemma 2
we get that f : f −1(K ) → K is conﬂuent and for any component H ⊂ f −1(K ) the restriction f |H : H → K is conﬂuent [19,
13.38]. Then the proof of the main theorem of [16] applied to f |H shows that ψ is continuous on the arbitrary compact set
K ⊂ Y . From this, it readily follows that ψ is continuous on Y and g = p  ψ yields that p is inessential. 
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is a proper map and i : R+ ↪→ R2 can be assumed to be the canonical inclusion x 	→ (x,0); see Remark 7. If B is the open
unit disk, let K ⊂ X be a compact subset such that r−1([0,1]) ⊂ V and H−1(B) ⊂ V × I where V = int K . Then we choose
another compact set L ⊂ Y for which g−1(B) ⊂ U and K ⊂ f −1(U ) with U = int L. Here we use the properness of the
maps involved. This way, the two composites of restrictions in square (1) of the following diagram are homotopic by the
restriction of H , H˜ : (X − f −1(U )) × I → R2 − B .
X − f −1(U ) f˜
r˜
Y − U
g˜
η
(1) (2) R+
k[1,∞) i˜ R2 − B
Moreover, if ρ : S1 → B = S1 × [1,∞) → S2 is the deformation retract deﬁned by the obvious projection onto the unit
circumference, the composite ρ  g˜  f˜ : X − f −1(U ) → R2 − B is inessential since [1,∞) is contractible. As f˜ is readily
checked to be conﬂuent, Proposition 17 yields that ρ  g˜ is inessential as well. Hence g˜ is inessential, and so it is properly
inessential by Lemma A.2; that is, there exists η and k for which triangle (2) in the diagram above is commutative up to
a proper homotopy, say G . Next we extend η to a proper map η : Y → R+ by using the Tietze extension theorem. Here we
use that Y − U is a closed set with a complement of compact closure and that η is already proper. Similarly the proper
map
g ∪ G ∪ k  η : Y × {0} ∪ (Y − U )× I ∪ Y × {1} → R2 − B ⊂ R2
can be extended via the Tietze extension theorem to a proper homotopy F : Y × I → R2 between g and k  η. This proves
that g is properly inessential. 
The ﬁnal result of this section is the following proper analogue of a classical result due to S. Eilenberg [15, Theorem 4,
p. 433].
Theorem 18. Let f : X → Y be a monotone proper surjection between generalized continua. If for a proper map g : Y → G into a
graph G the composite g  f : X → G is properly h-inessential, then g is properly h-inessential.
Proof. Let H: h  α  g  f be a proper homotopy where h : T → G is end-faithful and T is a tree. By using the homotopy-
lifting property [22, 2.2.3] of the universal covering space of G , π : G˜ → G , we ﬁrst choose a lifting h˜ : T → G˜ of h, and
then a lifting H˜ : X × I → G˜ of H with H˜(x,0) = h˜  α. Moreover, as h and H are proper, so are h˜ and H˜ (see the proof of
Lemma 5) and hence T˜ = h˜(T ) ⊂ G˜ and Z = H˜(X × I) ⊂ G˜ are closed subtrees. Let h0 : T → T˜ and H ′ : X × I → Z denote
the corresponding restrictions of h˜ and H˜ , respectively. In addition, let q0 : T˜ → G and q : Z → G denote the corresponding
restrictions of π .
Notice that ξ(x) = H˜(x,1) is a lifting of the composite g  f . Moreover, as f is monotone, f −1(y) is connected for all
y ∈ Y . Therefore, if x ∈ f −1(y), ξ(x) lies in the discrete set π−1(g(y)), and hence ξ(x) = wy is constant on f −1(y), for all
y ∈ Y . This way we get a map g˜ : Y → G˜ by setting g˜(y) = wy which is continuous since π  g˜ = g and π is a quotient map.
The usual argument from the proof of Lemma 5 shows that g˜ is proper. Notice that g˜  f = ξ by deﬁnition. Let Y˜ = g˜(Y ) ⊂ G˜
be the corresponding subtree and g1 : Y → Y˜ and q1 : Y˜ → G be the restrictions of g˜ and π , respectively.
Finally, we will ﬁnd a map β : Y → T and a proper homotopy g  h  β , yielding that g is properly h-inessential. For
this, we observe that, as h is end-faithful, so are the restrictions h0 and q0, see the end of Remark 6. Furthermore, the maps
deﬁned above ﬁt in the commutative diagram
G Y
g
g1
X
f α
i1 i0
T
h
h0
G
Y˜
q1
j1 T˜ j0
q0
Z
q
X × I
H ′ X × I H ′ Z
q
where iε(x) = (x, ε) and jε are inclusions (ε = 0,1). The compactness and connectedness of the interval I yield that iε is
end-faithful. In addition, as H ′ is onto, so is the induced map H ′∗ : F(X × I) → F(Z) (Lemma A.1), and thus j0∗ : F(T˜ ) →
F(Z) is onto; moreover, as q0 is end-faithful, j0∗ is also injective. Whence j0 is end-faithful, and the composite ψ : T h0−−→
T˜
j0−−→ Z is an end-faithful map of trees and so a proper homotopy equivalence; see [3, II.1.10]. We obtain the desired map
β by setting β = ϕ  j1  g1 where ϕ is a homotopy inverse of ψ and checking that h  β = q  ψ  ϕ  j1  g1 is properly
homotopic to q  j1  g1 = q1  g1 = g . 
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Important homotopical properties of conﬂuent maps involve the so-called covering homotopy property for a point up to
homotopy (CHPH, for short). Recall that a map p : X → Y satisﬁes the CHPH if given any path α : I = [0,1] → Y and a point
x ∈ p−1(α(0)), there is a path α˜ : I → X such that α˜(0) = x and p  α˜ is homotopic to α with the homotopy ﬁxed on the end
points. The CHPH was ﬁrstly proved for open proper maps by S. Smale (Theorem 1 in [21]) and later extended to conﬂuent
proper maps by J. Grispolakis [13, 3.4]. Next we extend the Grispolakis–Smale theorem to rays; namely,
Theorem 19. Let f : X → Y be a conﬂuent proper surjection between generalized Peano continua. Assume that Y is LC1 . Then, given
any ray α : R+ → Y and any point x ∈ f −1(α(0)) there is a ray α˜ : R+ → X such that α˜(0) = x and f  α˜ is properly homotopic to
α with a homotopy ﬁxed on α(0) = f (x).
Recall that a space Z is termed LC1 if each point z ∈ Z admits a base of simply connected neighbourhoods.
Proof. 1 We start by choosing an exhausting sequence of Y , {Kn}n1. Then, for each y ∈ Y we consider a pair of neighbour-
hoods, Cy and Wy with the following properties:
(i) Cy ⊂ intWy is a continuum in the interior of the simply connected subset Wy .
(ii) If y ∈ Kn − Kn−1 then Wy ⊂ int Kn+1 − Kn−2 for all n 1 with K−1 = K0 = ∅.
Here we use LC1 and local connectedness to ﬁnd Wy and Cy . Then we apply the compactness of the differences Dn =
Kn − int Kn−1 to reduce the families {Cy}y∈Y and {Wy}y∈Y to two countable families C = {C j} j1 and W = {W j} j1 whose
interiors cover Y and still satisfying (i) and (ii) as well as the new property
(iii) Each difference Dn is covered by the interiors of a ﬁnite number of sets in C .
Notice that condition (iii) shows that both covers C and W are locally ﬁnite.
For each k 0 we apply the Lebesgue lemma to get a partition Jk of Jk = [k,k + 1] such that each subinterval in Jk is
mapped by f into a set of C . By gathering together all partitions Jk we obtain a partition of the whole half-line in intervals
Is = [as,as+1] (0 s < ∞) with a0 = 0 and such that for each s 0 α(Is) ⊂ C j(s) for some j(s).
We are now ready to prove the theorem. For this, we apply that f is conﬂuent to guarantee that the component
D0 ⊂ f −1(C j(0)) of x0 = x ∈ f −1(α(0)) satisﬁes f (D0) = C j(0) . By [19, 13.19], D0 can be expressed as an intersection of
a decreasing sequence of Peano subcontinua containing D0 in their interiors; in particular, there is a Peano subcontinuum
B0 with D0 ⊂ int B0 and f (B0) ⊂ intW j(0) . Let α˜0 be an arc in B0 joining x0 with a point x1 ∈ D0 ∩ f −1(α(a1)) = ∅. By
condition (i), there is a homotopy in W j(0) , H0 : α|[0,a1]  f  α˜0 ﬁxed on the end points of the paths.
We proceed inductively in this way to get a sequence of arcs α˜s ⊂ f −1(intW j(s)) (s  0) with end points xs and xs+1
where x0 = x and xs ∈ f −1(α(as)) for all s  0 and homotopies in W j(s) , Hs : α|[as,as+1]  f  α˜s relative to the end points.
By pasting all these arcs we deﬁne a continuous map α˜ =⋃∞s=1 α˜s : R+ → X . Moreover, by condition (iii) above one readily
checks that the map α˜ is proper; indeed, as f is proper, given any compact set K ⊂ X , let Kn be a compact set of the
original exhausting sequence of Y for which K ⊂ int f −1(Kn). Now the properness of α yields a positive integer k0 with
α([k0,∞)) ⊂ Y − Kn+2. In addition, by property (ii) the sets W j which meet Y − Kn+2 miss Kn . Hence, by deﬁnition,
α˜([k0,∞)) ⊂ X − f −1(Kn) ⊂ X − K . Similarly the union H = ⋃∞s=1 Hs : I × I → Y yields a proper homotopy between α
and f  α˜. This ﬁnishes the proof. 
As an immediate consequence of Theorem 19 we obtain:
Corollary 20. Under the hypotheses of Theorem 19 the map f induces a surjection of strong ends
f# : [R+, X]p → [R+, Y ]p,
f#([α]) = [ f  α].
Corollary 21. There is no conﬂuent proper map f : X → Y between two locally compact polyhedra (more generally, ANR spaces) if X
is strongly one-ended and Y is not.
1 An alternative proof can be derived from Theorem 23 below by using the well-known description of the (pointed) set of strong ends as the derived
limit of the fundamental pro-group (see [3, V.4.7]) and the fact that any tower of (pointed) ﬁnite sets is pro-isomorphic to a tower with onto bonding
maps. We have chosen a more direct proof in order to reduce to a minimum the language of pro-categories in this paper.
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be homeomorphic to the euclidean 4-space. Hence the projection W ×R → W yields a conﬂuent non-proper map R4 → W .
However, no conﬂuent map R4 → W can be proper since R4 is strongly one-ended while W is not.
As a consequence of the CHPH, Grispolakis proves in [13, 3.7] that if the (ordinary) homotopy class of a proper map
f : X → Y between generalized Peano continua (Y being LC1) is represented by a conﬂuent surjection then the family
of right (equivalently, left) cosets π1(Y , y)/ Im f∗ is ﬁnite. Originally, this theorem was proved for open proper maps by
S. Smale [21]; see also [12, 7.4] and [6, 3.1] for previous results on monotone maps between Peano continua.
The fact that the spaces in Remark 10 and Example 22 are contractible shows that the fundamental group is not strong
enough to distinguish proper homotopy classes represented by conﬂuent maps. So, the problem of determining those ho-
motopy classes arises. By using the so-called fundamental pro-group, Grispolakis’s theorem is transferred to the proper
category as follows. We refer to Appendix A for the notions and notation of pro-categories we will use henceforth.
Theorem 23. Let f : X → Y be a proper map between generalized Peano continua, with Y , LC1 , which is properly homotopic to a
conﬂuent surjection. Then, for any ray α : R+ → X, the quotient tower pro -π1(Y , f  α)/ Im f∗ is isomorphic to a tower of ﬁnite sets
in the pro-category of towers of pointed sets (Set•, tow -Set•). Moreover, if f is properly homotopic to a monotone surjection, then f∗
is an epimorphism in the pro-category of towers of groups (Gr, tow -Gr).
Proof. We can assume without loss of generality that f is already a conﬂuent map. With the notation in diagram (A.3)
of Appendix A, let {L j} j1 be an exhausting sequence of Y and let U j ⊂ K − f −1(L j) and W j ⊂ Y − L j be the connected
components determined with α([t j,∞)) ⊂ U j and f α([t j,∞)) ⊂ W j , respectively.
By Lemma 2, each restriction f̂ j : f −1(W j) → W j is a conﬂuent proper map and in addition, since U j is a closed set
in f −1(W j), the restriction f j : U j → W j is proper. Moreover, each f j is onto; indeed, as f j(U j) is a closed set of W j ,
it will suﬃce to check that f (U j) is also open in W j . Here we use the connectedness of W j . For this, we consider any
y = f (x) ∈ f (U j) and choose a continuum N which is a neighbourhood of y in W j . Here we use that open sets inherit
local connectedness and local compactness. Next we apply that f̂ j is conﬂuent to get that the connected component of x,
H ⊂ f −1(N) ⊂ f −1(W j), which necessarily lies in U j , satisﬁes N = f (H) ⊂ f (U j). Whence f (U j) is open and f j is onto.
Finally, each f j is also conﬂuent; indeed, for any continuum C ⊂ W j and any component D ⊂ f −1j (C) = U j ∩ f −1(C), the
component D0 ⊂ f −1(C) ⊂ f −1(W j) containing D meets U j and hence D0 ⊂ U j ∩ f −1(C). Thus, D = D0 and f j(D) =
f (D0) = C since f (or, alternatively, f̂ j) is conﬂuent.
Now we apply [13, 3.7] to each restriction f j to get that f j∗(π1(U j, x j)) has ﬁnite index in π1(W j, f (x j)) for all j  0
with U0 = X and W0 = Y . This way, the isomorphism type of the tower pro -π1(Y , f  α)/ Im f∗ in (Set•, tow-Set•) is
represented by an inverse sequence of ﬁnite sets and the result follows. Similarly for monotone maps we get that each f j∗
is onto by [12, 7.4] and hence f∗ is an epimorphism in (Gr, tow-Gr). 
The converse of the aforementioned Grispolakis’s theorem for monotone maps from compact n-manifolds (n  3) to
compact polyhedra was proved by J. Walsh [23] who in a series of papers extended this result to open and light maps with
codomain ANR spaces. Later Grispolakis extended Walsh’s results to conﬂuent maps in [13, 3.8]. We conjecture that the
following proper analogue of Grispolakis’s theorem in [13, 3.8] is true.
Conjecture 24. The converse of Theorem 23 holds for proper maps from open connected n-manifolds (n 3) onto ANR spaces.
Appendix A. Ends and the fundamental pro-group
In this appendix we collect some basic deﬁnitions from the proper category and its homotopy theory needed in this
paper; see [7] or [3] for a comprehensive treatment of this topic. We start by recalling that the space of Freudenthal ends of
a generalized continuum X is the inverse limit
F(X) ∼= lim←− Q (X − int Kn)
where Q (−) is the space of quasicomponents and {Kn}n1 is an exhausting sequence of X ; that is, a Freudenthal end ε =
(Qn)n1 is a decreasing nested sequence of quasicomponents Qn ⊂ X − int Kn . The space F(X) turns to be homeomorphic
to a closed subset of the Cantor set; see [11] and [2] for details. For generalized Peano continua, quasicomponents coincide
with connected components; in particular, Freudenthal ends are deﬁned by connected components. A space is termed one-
ended if F(X) reduces to a point.
Any proper map f : X → Y between generalized continua induces a continuous map f∗ : F(X) → F(Y ) by sending
ε = (Qn)n1 to the nested sequence f∗(ε) = (Q ′n)n1 with the condition that there is a subsequence n1 < n2 · · · with
f (Qn ) ⊂ Q ′ for all k 1.k k
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A proper map f : X → Y is said to be end-faithful if the induced map f∗ is a homeomorphism. A proper map r : R+ → X
is termed a ray. The homotopy classes of rays in [R+, X]p are called strong ends of X . It is readily checked that a strong end
[r] ∈ [R+, X]p deﬁnes a unique Freudenthal end r∗(∞) ∈ F(X). This way, there is a well-deﬁned map
ρ : [R+, X]p → F(X)
which is onto for spaces whose Freudenthal ends are deﬁned by rays. This is the case for generalized Peano continua; see
[9, 9] for a proof. A space X is said to be strongly ended if the map ρ is injective (and so, a bijection whenever X is a
generalized Peano continuum).
Euclidean spaces Rn (n 2) are classical examples of strongly one-ended spaces. This follows from the fact that for any
compact set K ⊂ X of an admissible space X the proper inclusion X − int K ⊂ X induces a bijection [R+, X − int K ]p →
[R+, X]p and the following lemma from the folklore of proper homotopy theory. We give here a proof for completeness.
Lemma A.2. Let X be any admissible space. For any compact space K the canonical projection p1 : K × R+ → K induces a bijection
of homotopy classes
p1∗ : [X, K × R+]p → [X, K ].
Proof. Let r : X → R+ be any proper surjection,2 then for any map f : X → K the equality f˜ (x) = ( f (x), r(x)) deﬁnes
a proper map f˜ : X → K × R+ since f˜ −1(K × [0,a]) ⊂ r−1([0,a]) for all a  0. Clearly, p1∗[ f˜ ] = f , and so p1∗ is onto.
Similarly, if f , g : X → K × R+ are proper maps and H is a homotopy between p1  f and p1  g we consider the map
H˜ : X × I → K × R+ with H˜(x, t) = (H(x, t), F (x, t)) where F : X × I → R+ is a proper homotopy from p2  f to p2  g .
Here we use the well-known fact that [X,R+]p = {∗} is a one-point set.3 As done for f˜ , H˜ turns to be a proper homotopy
between f and g , and so p1∗ is injective. 
Besides the invariants of topological nature provided by the sets of Freudenthal and strong ends, in this paper we
will need the fundamental pro-group. Let us start by summarizing brieﬂy the language of pro-categories involved in its
deﬁnition. Recall that given a category C the pro-category of towers of C , denoted (C , tow-C), is the category with ob-
jects towers in C; that is, inverse sequences X = X0 ← X1 ← ·· · in C with X0 ﬁxed. Moreover, morphisms f : X → Y are
represented by equivalence classes of triples ( f0, {n j}, { f j}) j1 where f0 : X0 → Y0 is in C and {n j} j1 is an increasing sub-
sequence for which diagram (a) commutes (horizontal morphisms are bonding morphisms). Two triples ( f0, {n j}, { f j}) j1
and ( f ′0, {mj}, { f ′j}) j1 are equivalent if f0 = f ′0 and there is a subsequence {k j} with k j  n j,mj ( j  1) for which diagram
(b) is commutative (horizontal morphisms are bonding morphisms).
X0
f0
Xn j
f j
Xn j+1
f j+1
Y0 Y j Y j+1
Xn j
f j
Xk j Xm j
f ′j
Y j
(a) (b)
Let C = Gr be the category of groups. Given a properly based space (X,α); that is, a ray α : R+ → X in the admissible
space X , the fundamental pro-group of (X,α) is the object in (Gr, tow-Gr)
pro -π1(X,α) =
{
π1(X, x0) ← π1(U1, x1) ← π1(U2, x2) ← ·· ·
}
deﬁned as follows. Let {K j} j1 be an exhausting sequence of X and 0= t0 < t1 < · · · tn < · · · be an increasing sequence with
α([t j,∞)) ⊂ X − K j . Then U j ⊂ X − K j is the connected component determined by α([t j,∞)) with x j = α(t j) and U0 = X .
Moreover, the bonding morphisms are induced by inclusions and base-point change isomorphisms along the base ray α.
The isomorphism type of the tower pro−π1(X,α) is independent of the exhausting sequence and the representative of the
strong end [α], but it does depend on this strong end; see [3, V.4.10].
A proper map f : (X,α) → (Y , f  α) induces a morphism f∗ : pro -π1(X,α) → pro -π1(Y , f  α) in the category
(Gr, tow-Gr). Indeed, choose an exhausting sequence {L j} j1 of Y . If f j : U j → W j denotes the restriction of f to the
components U j ⊂ f −1(Y − L j) and W j ⊂ Y − L j containing α([t j,∞)) and f α([t j,∞)), respectively, the commutative dia-
gram
2 If {K j} j0 is an exhausting sequence of X with K0 = ∅, the Tietze extension theorem yields continuous maps f j = K j+1 − K j → [ j, j + 1] with
f j(Fr Kε) = ε (ε = j, j + 1). The union of the f j ’s deﬁne a proper surjection X →R+ .
3 Notice that (1− t) f (x) + tg(x) is proper if so are f and g .
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f∗
π1(U1, x1)
f1∗
π1(U2, x2)
f2∗
· · ·
π1(Y , f (x0)) π1(W1, f (x1)) π1(W2, f (x2)) · · ·
(A.3)
represents the morphism f∗ . Moreover, the tower image of f∗ , Im f∗ , is deﬁned by Im f∗ = {Im f∗ ← Im f1∗ ← Im f2∗ ← · · ·}
where the bonding homomorphisms are the restrictions of those of pro -π1(Y , f  α). The quotient tower pro -π1(Y ,
f  α)/ Im f∗ is then deﬁned levelwise by the corresponding sets of right (or, equivalently, left) cosets. Notice that this
tower is no longer an object in (Gr, tow-Gr) but only a tower in the pro-category (Set•, tow-Set•) of towers of pointed
sets and pointed set maps as bonding morphisms.
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